We derive the equations of motion of relativistic, non-resistive, second-order dissipative magnetohydrodynamics from the Boltzmann equation using the method of moments. We assume the fluid to be composed of a single type of point-like particles with vanishing dipole moment or spin, so that the fluid has vanishing magnetization and polarization. We also assume the fluid to be nonresistive, which allows to express the electric field in terms of the magnetic field. We derive equations of motion for the irreducible moments of the deviation of the single-particle distribution function from local thermodynamical equilibrium. We analyze the Navier-Stokes limit of these equations, reproducing previous results for the structure of the first-order transport coefficients. Finally, we truncate the system of equations for the irreducible moments using the 14-moment approximation, deriving the equations of motion of relativistic, non-resistive, second-order dissipative magnetohydrodynamics. We also give expressions for new transport coefficients appearing due to the coupling of the magnetic field to the dissipative quantities.
I. INTRODUCTION
The success of relativistic fluid dynamics in describing the evolution of high-energy heavy-ion collisions [1] , and the existence of very large magnetic fields in these collisions [2] [3] [4] [5] has generated a lot of interest in observing the effects of the magnetic field on the fluid-dynamical evolution in these systems. The generic framework that couples the electromagnetic field to the dynamics of a fluid is referred to as magnetohydrodynamics [6, 7] . There are several works where the effect of electromagnetic fields on the dynamics of heavy-ion collisions have been studied [for a review, see Ref. [8] and refs. therein], but so far they have been mostly based on the non-resistive, non-dissipative formulation of relativistic magnetohydrodynamics. However, dissipation plays an important role in understanding the dynamics of heavy-ion collisions and in particular in explaining the magnitude of the observed collective flow [for a review, see Ref. [1] and refs. therein]. Thus, it is essential to develop a relativistic formulation of dissipative magnetohydrodynamics.
In principle, the most simple dissipative fluid-dynamical theory is a relativistic generalization of Navier-Stokes theory, where the dissipative quantities, bulk viscous pressure, diffusion currents, and shear-stress tensor are proportional to the gradients of the flow field and thermodynamical quantities. In the absence of a magnetic field, the constants of proportionality are three scalar transport coefficients: bulk viscosity, diffusion constant, and shear viscosity. A magnetic field vector breaks the isotropy of space, introducing several new transport coefficients [9] [10] [11] [12] [13] , which assume different values in the direction of the magnetic field and in the direction orthogonal to it. The relativistic generalization of Navier-Stokes theory is, however, known to be acausal [14] and, at least, linearly unstable [15] [16] [17] , rendering it ill-suited for practical use. Without the magnetic field, these problems were cured by the causal and stable"second-order" formalism of Israel and Stewart [18] [19] [20] . Israel-Stewart theory can be derived by starting from the relativistic Boltzmann equation employing the so-called 14-moment approximation [19, 20] , and the success of fluid dynamics in describing the dynamics of heavy-ion collisions is based on this formalism.
In this paper, we follow the same line of reasoning as Israel and Stewart, and derive a relativistic causal theory of second-order dissipative magnetohydrodynamics from the relativistic Boltzmann equation coupled to the electromagnetic field. As in the original formulation by Israel and Stewart, we restrict ourselves to a single-component system of spinless particles undergoing binary elastic collisions and use the 14-moment approximation in the framework developed in Refs. [21] [22] [23] . As this paper is a first step towards a theory of dissipative magnetohydrodynamics, we here restrict ourselves to the limit of infinite conductivity (or zero resistivity), which allows to replace the electric field by the magnetic field and considerably simplifies the equations of motion. The generalization towards systems with finite conductivity will be addressed in the future.
Let us add a few remarks on the length scales entering our discussion: (i) The Boltzmann equation is derived under the assumption that the collision term in this equation is local, implying that the mean free path λ mfp between collisions is much larger than the typical interaction length σ/π, where σ is the binary-collision cross section. (ii) The magnetic field leads to cyclotron motion of the charged particles. The curvature of the particle trajectories is given by the inverse Larmor radius R −1 L = qB/k ⊥ , where q is the electric charge of the particles and k ⊥ is the momentum of the particle transverse to the direction of the magnetic induction field B (in the following always somewhat incorrectly referred to as "magnetic field"). In our discussion we will assume that the magnetic field is sufficiently weak so that we can neglect the Landau quantization of the cyclotron motion. This implies that the thermal energy ∼ T , where T is the temperature, is much larger than the cyclotron frequency ∼ √ qB. In other words, the thermal wavelength
is the Larmor radius of a particle with transverse momentum k ⊥ = T . In the following, we refer to R T as "thermal Larmor radius". Note that this condition does not necessarily imply that the magnetic field is weak in absolute magnitude, it only requires that the temperature of the system is sufficiently large, such that T 2 qB. While our discussion is valid when λ mfp σ/π and R T β 0 , there is a priori no constraint on the ratio ξ B ≡ λ mfp /R T = qBβ 0 λ mfp [24] , as long as the first two inequalities are fulfilled.
This paper is organized as follows. In Sec. II we review the structure of the basic equations of motion, the conservation laws, and Maxwell's equations. In Sec. III we show the magnetohydrodynamic equations of motion for the non-resistive, non-dissipative fluid. In Sec. IV A we recall the basics of the method of moments, and derive the general equations of motion for the moments of the single-particle distribution function in the presence of magnetic field. In Sec. IV B we show how the Navier-Stokes limit arises from the moment expansion. Finally, in Sec. IV C we derive the main result of this paper, the equations of motion for non-resistive, second-order dissipative magnetohydrodynamics. Section V concludes this work with a summary of the results and an outlook to future work.
We adopt natural Heaviside-Lorentz units, = c = 0 = µ 0 = k B = 1. Our convention for the metric tensor is
In the local rest (LR) frame of the fluid, u
. The rank-two projection operator onto the three-space orthogonal to u µ is ∆ µν = g µν −u µ u ν . For a four-vector A µ , we define its projection onto the three-dimensional subspace orthogonal
is symmetric and traceless. For a rank-two tensor, we define the symmetric, traceless projection onto the three-space orthogonal to u µ as A µν ≡ ∆ µν αβ A αβ . Our convention and useful relations for the rank-four Levi-Cività tensor µναβ are given in Appendix A.
II. EQUATIONS OF MOTION OF MAGNETOHYDRODYNAMICS
The equations of motion of magnetohydrodynamics comprise the conservation of energy, momentum, and electric charge,
where
is the total energy-momentum tensor consisting of a field part, T µν em , and a fluid part, T µν f , while
is the charge four-current and N µ f being the particle four-current. Note that in general the energy and momentum of the fluid is not separately conserved,
i.e., energy and momentum of the fluid change on account of the Lorentz force exerted on the charged particles within the fluid by the electromagnetic field. Total conservation of energy and momentum, Eq. (1), then implies
i.e., energy and momentum of the field change because the field performs work on the charged particles within the fluid.
Note that the separation of T µν into T µν em and T µν f
is not unique in the case of polarizable, magnetizable fluids [25] . This problem is absent here, as we consider a non-polarizable, non-magnetizable fluid. In the following, we will discuss each part separately.
A. Maxwell's equations and electromagnetic energy-momentum tensor
In a relativistically covariant formulation of electrodynamics, the components of electric field E and magnetic field B are components of the Faraday tensor F µν . The latter is an antisymmetric (and hence traceless) rank-two tensor (and hence has six independent components, corresponding to the six components of E and B). Without loss of generality it can be decomposed with respect to the fluid velocity as [26] 
while its Hodge dual isF
Here we defined the electric field four-vector E µ ≡ F µν u ν and the magnetic field four-vector
µναβ F αβ u ν . Using the antisymmetry of the Faraday tensor and the rank-four Levi-Cività tensor, one readily realizes E µ and B µ to be orthogonal to the fluid velocity, E µ u µ = 0 and B µ u µ = 0. Moreover, in the LR frame of the fluid, they coincide with the usual electric and magnetic fields, i.e., E
and
ijk F jk . The electric field is a polar vector while the magnetic field is an axial vector dual to F jk . The evolution of the electric and magnetic fields are given by Maxwell's equations,
For non-polarizable, non-magnetizable fluids the electromagnetic stress-energy tensor is given by [25, 26] 
B. Particle four-current and energy-momentum tensor of the fluid For particles without a microscopic dipole moment or spin the canonical momentum coincides with the kinetic momentum [25] . Then, the particle four-current and energy-momentum tensor of the fluid are simply given by
Here,
with f k being the single-particle distribution function and dK
being the Lorentz-invariant measure in momentum space, where g is the degeneracy factor due to internal degrees of freedom (note, however, that the spin degeneracy is 2J + 1 = 1, since we consider spin-zero particles) and k 0 = k 2 + m 2 0 is the on-shell energy. The particle four-current and the energy-momentum tensor can be decomposed with respect to the fluid velocity,
where the particle density n, the energy density ε, and the isotropic pressure P , are defined as
with E k = k µ u µ being the energy of a particle in the LR frame of the fluid. The particle and energy-momentum diffusion currents orthogonal to the flow velocity, V µ and W µ , are
while the shear-stress tensor is
Note that, for a single-component fluid, the charge and particle currents are related by
where n ≡ u ν J ν ≡ qu ν N ν f = qn is the charge density in the LR frame and
Given the charge four-current J µ , the dynamics of the electromagnetic fields is given by Maxwell's equations (9), (10) . Consequently, the electromagnetic fields are known as functionals of J µ . Hence, the five equations of motion of magnetohydrodynamics, Eqs. (1), (2) contain 14 unknowns, the components of J µ = qN µ f and T µν f , or equivalently, for a given fixed fluid velocity u µ the three scalar quantities n, ε, P , the two times three (equals six) independent components of V µ and W µ , and the five independent components of π µν . Usually, the fluid velocity is not fixed but a dynamical quantity. In principle, this would add another three unknowns (the three independent components of u µ ). However, the fluid velocity can be chosen to be proportional to the charge four-current, which eliminates the charge diffusion current V µ [the so-called Eckart frame [28] ], or to be proportional to the flow of energy, which eliminates the energy-momentum diffusion current W µ [the so-called Landau frame [29] ]. This still leaves 14 unknowns, but only five equations of motion. Thus, in order to close the system of equations of motion, we need to make approximations, which we will discuss in the following section.
III. NON-RESISTIVE, NON-DISSIPATIVE MHD
A. Maxwell's equations and electromagnetic energy-momentum tensor For the sake of simplicity, in the following we focus on non-resistive, i.e., ideally conducting fluids. The charge four-current induced by an electric field is J µ ind = σ E E µ , where σ E is the electric conductivity 1 . If σ E → ∞, we have to demand E µ → 0, in order for the induced current to remain finite. This implies that, in an arbitrary frame, E = −v × B, such that the electric field can be eliminated from the equations of motion. The Faraday tensor (7) and its Hodge dual (8) simplify to
while Maxwell's equations (9), (10) reduce to
whereȦ ≡ u µ ∂ µ A is the comoving derivative of any quantity A, θ ≡ ∂ µ u µ is the expansion scalar, and
The energy-momentum tensor of the electromagnetic field becomes
where we introduced B 2 ≡ −B µ B µ and
which is orthogonal to u µ , b µ u µ = 0, and normalized to b µ b µ = −1. For systems with a spatial anisotropy, as for instance induced by a magnetic field [10, 13, 30, 31] , but not necessarily restricted to this case [32] [for a review see Ref. [33] and refs. therein], it is convenient to introduce a rank-two operator projecting onto the two-dimensional subspace orthogonal to both u µ and b µ ,
Furthermore, since B µν B µν = 2B 2 it makes sense to introduce a new dimensionless antisymmetric tensor
Obviously,
Moreover, with the help of Eq. (A1) one can show that
B. Consequences for energy and momentum evolution of the fluid
Already at this point we can draw conclusions from the assumption of non-resistivity for the equations of motion of MHD. Projecting Eq. (5) onto the direction of u ν leads to
because of b νλ u ν = 0. This means that the fluid energy is conserved, i.e., a magnetic field does not change the energy of the fluid. This is intuitively clear, as a magnetic field (contrary to an electric field) only changes the direction of the momenta of the particle, but not their energy. On the other hand, projecting Eq. (5) onto the three-space orthogonal to u ν we have
where we used Eq. (23) and the orthogonality b αλ u λ = 0 in the last equality in the first line, while we employed Eq. (6) with Eq. (28) to obtain the second line. The interpretation of Eq. (34) is that the momentum of the fluid changes on account of the interaction of the magnetic field with the charge diffusion current. Note that the magnetic field influences the dynamics of the fluid only by coupling to the dissipative part of the charge current. Without dissipation, the dynamics of the fluid is unaffected by the magnetic field, see Eq. (45) below.
C. Equations of motion of non-resistive, non-dissipative MHD
The equations of motion of non-resistive, non-dissipative MHD are obtained under the assumption that the fluid is in local thermodynamical equilibrium everywhere in space-time. In the case of dilute gases and this assumption implies that the single-particle distribution function assumes the form [34] 
with α 0 = µβ 0 , where µ is the chemical potential associated with the particle density n 0 , and a = ±1 for fermions/bosons, while a → 0 for classical particles. Since we assumed that we can neglect the Landau quantization of single-particle energy eigenstates (see Introduction), the distribution function is isotropic in the LR frame, E k,LRF = k 2 + m 2 0 . Local equilibrium means that the quantities α 0 , β 0 , as well as the fluid velocity u µ are functions of the space-time variable x µ . Since f 0k depends solely on these five independent variables, and since N µ f and T µν f computed from Eqs. (12), (13) with f 0k replacing f k then also depend only on these five variables, the equations of motion of MHD are closed.
In the following, we need the thermodynamic integrals
where · · · 0 ≡ dK · · · f 0k is defined in analogy to Eq. (14) . Similarly, the auxiliary thermodynamic integrals are
Since ∂Inq ∂β0 α0
= −J n+1,q , the total derivative is
Using the equilibrium distribution function in Eqs. (12), (13) we obtain the conserved quantities in the form for a non-dissipative fluid,
Therefore, the total energy-momentum tensor of a non-resistive, non-dissipative fluid reads
One immediate consequence of the assumption of non-resistivity as well as non-dissipativity is that the energy and momentum of the fluid and of the magnetic field are separately conserved,
The first equation follows immediately from Eq. (5), since F νλ J λ −→ −B b νλ nu λ = 0. The second equation then follows from the conservation of total energy and momentum, Eq. (1) .
At this point one may wonder why, in the, at first sight apparently non-resistive and non-dissipative, MHD study of Ref. [35] , the motion of the fluid was actually influenced by the magnetic field, ultimately giving rise to an enhancement of the elliptic-flow coefficient. The solution to this puzzle is that, in that work, the magnetic field was not self-consistently calculated within MHD. Rather, a so-called reduced-MHD framework was used, where the magnetic-field evolution was external input. In such a situation, the right-hand side of Eq. (34) is in general nonvanishing and acts as a source term for the evolution of the fluid momentum, which can change the motion of the fluid.
IV. NON-RESISTIVE, DISSIPATIVE MHD
In this section, we derive the equations of motion of non-resistive, dissipative MHD for a fluid consisting of a single type of point-like particles without dipole moment or spin. We also assume that the particles undergo binary elastic collisions only. Starting from the Boltzmann equation in the presence of an external electromagnetic field, we first derive the (infinite) set of equations of motion for the irreducible moments of the deviation
(46) of the single-particle distribution function from isotropic local thermodynamical equilibrium. Then we truncate this set using the 14-moment approximation. Our treatment follows closely that of Refs. [22, 23] , extending the latter by terms arising from the magnetic field. Note that our assumption β 0 R T (see Introduction) allows us to neglect Landau quantization, which would make f 0k anisotropic. In principle, however, this case can be discussed using the formalism presented in Ref. [32] . An anisotropy also emerges when using an f 0k which is a solution of the Vlasov equation [30, 31] , or an anisotropic distribution function parametrizing deviations from local equilibrium [36] .
A. Equations of motion for the irreducible moments
The relativistic Boltzmann equation in an external electromagnetic field [26, 27] is
Here the assumption is that the electromagnetic field F µν changes the momenta k µ of particles carrying charge q on large space-time scales ∼ R T , while the collision term, being a quantity which is local in space-time, redistributes them on small space-time scales ∼ σ/π. Note that if the particles carry a dipole moment or spin, there would be an additional term on the left-hand side [25] .
Under the assumption that the particles undergo binary elastic collisions only, the collision term reads
where the factors 1 − af represent the corrections from quantum statistics. The invariant transition rate W kk →pp satisfies detailed balance, W kk →pp = W pp →kk , and is symmetric with respect to the exchange of momenta,
Following Refs. [22, 23] we define the irreducible moments of δf k as
where · · · δ = dK · · · δf k . Here, the irreducible tensor of rank is defined as
where the rank-2 symmetric and traceless projection tensor ∆ µ1···µ ν1···ν is a straightforward generalization of the rankfour projection tensor ∆ µν αβ introduced above [for more details on how to construct the former, see Refs. [27, 32] ]. The irreducible tensors 1,
. ., form a complete basis in momentum space and satisfy the following orthogonality condition
where F(E k ) is a sufficiently rapidly converging (but otherwise arbitrary) function of E k .
2 A tensor is called irreducible when it is irreducible under a group G consisting of Lorentz transformations that leave u µ invariant. Let F be a subgroup of G consisting of Lorentz transformations that leave both u µ and b µ invariant. An irreducible tensor under G may be reducible under F . This reduction of symmetry leads to a larger number of transport coefficients in dissipative MHD than in ordinary dissipative fluid dynamics; see Sec. IV B.
The
where the corrections to particle density, energy density, and isotropic pressure are
The particle and energy-momentum diffusion currents orthogonal to the fluid velocity are
Choosing the Landau frame [29] to determine the fluid velocity implies
The parameters α 0 and β 0 entering f 0k are determined by the so-called Landau matching conditions, i.e., demanding that the particle density and energy density resulting from f k are identical with those resulting from f 0k , n = n 0 , ε = ε 0 , or in other words
Then, the charge four-current and total energy-momentum tensor in non-resistive, dissipative MHD are
Equations (2), (5) with Eqs. (62), (63) together with Maxwell's equations (26), (27) and the thermodynamical identities (36), (37) lead to the following equations of motion for α 0 , β 0 , and u µ :
where D nq ≡ J n+1,q J n−1,q − J 2 nq , h 0 ≡ (ε 0 + P 0 ) /n 0 is the enthalpy per particle, and σ µν = ∇ µ u ν is the shear tensor. The equations of motion for α 0 and β 0 are the same as Eqs. (39), (40) of Ref. [22] , however Eq. (66) contains an additional term due to the magnetic field when compared to Eq. (41) of Ref. [22] .
We now use Eq. (46) to replace f k by δf k in the Boltzmann equation (47). Then, we take moments of the Boltzmann equation (47) in momentum space. With the definitionṡ
we obtain the equations of motion for the irreducible moments, similarly as shown in Refs. [22, 23] . The equation of motion for the irreducible tensors of rank zero readṡ
where we have defined G nm = J n,0 J m,0 − J n−1,0 J m+1,0 . Note that the contribution of the magnetic field vanishes for any scalar moment and exactly corresponds to Eq. (35) of Ref. [22] . However, the magnetic field is still present and affects the fluid motion through the acceleration equation, Eq. (66), as well as through the equations of motion for the irreducible moments of rank higher than zero, see below.
The equation of motion for the irreducible tensors of rank one iṡ
where 
where only the last term is new when compared to Eq. (37) of Ref. [22] and explicitly contains the magnetic field.
Here we also defined the following coefficients which are formally unchanged from Eqs. (42) -(44) of Ref. [22] ,
The collision integral can be linearized using Eq. (46) and written as
where the coefficient A ( ) rn contains time scales ∼ λ mfp . In order to obtain this result, we have assumed that the magnetic field does not modify the collision integral, so that we were able to employ the orthogonality relation (51), for details see Ref. [22] .
Note that, once the equations of motion (69) -(71) (and in principle those for all higher-rank tensors) are solved and the complete set of irreducible moments is determined, one can reconstruct the single-particle distribution f k as a solution of the Boltzmann equation. Following Refs. [22, 23] ,
We remark that this relation is an exact equality (i.e., f k an exact solution of the Boltzmann equation) only if we take N → ∞. In practice, however, one has to truncate the sum over n at some finite value, N < ∞. The same holds for the sum over . Since there are no tensors of rank higher than two in fluid dynamics, this sum is usually restricted to ≤ 2. Furthermore, this also implies that higher-rank tensors on the right-hand sides of the equations of motion (69) - (71) will be subsequently neglected.
The coefficients H ( ) kn are defined as
where the coefficients a ( ) ij can be written in terms of thermodynamic integrals and are calculated via Gram-Schmidt orthogonalization, for details see Ref. [22] .
In preparation of a suitable truncation of the infinite set of equations of motion for the irreducible moments, we note that an irreducible moment of arbitrary order r and tensor rank can always be expressed as a linear combination of irreducible moments of all orders n and the same tensor rank,
The first equality of relation (79) is proven using the orthogonality (51) of the irreducible moments and their definition (49). The second equality of relation (79) is shown using the definitions of the auxiliary thermodynamic integrals (37) and of the coefficients (78). Note that Eq. (79) is an identity for 0 ≤ r ≤ N , while it is an approximation for r outside this range, unless N → ∞. The accuracy of this approximation can be systematically improved by increasing N . In the remainder of this paper, however, we will restrict ourselves to the so-called 14-moment approximation, i.e., we will assume N 0 = 2, N 1 = 1, and N 2 = 0 [22] .
B. The Navier-Stokes approximation
Besides a suitable truncation of Eqs. (69) - (71), we also need a scheme to power count the various terms in these equations, in order to define the order of the approximation we are considering. We assume that quantities representing deviations from local thermodynamical equilibrium, like the irreducible moments, are of first order in some small parameter. Furthermore, since macroscopic fields like α 0 (x µ ), β 0 (x µ ), and u µ (x µ ) vary on space-time scales that are much larger than the microscopic scales contained in the collision integral, we also assume that derivatives of these fields are of first order in that small parameter.
In the Navier-Stokes approximation, all second-order terms, i.e., terms involving products of irreducible moments and derivatives of α 0 , β 0 , and u µ , or derivatives of irreducible moments are neglected, leaving only the collision integrals [in linearized form, see Eq. (76)] on the left-hand sides and the first terms as well as the last terms involving the magnetic field on the right-hand sides of Eqs. (69) -(71). Bringing the latter ones to the left-hand side results in the following set of equations,
In physical terms, it is assumed that the irreducible moments no longer evolve in time and assume their asymptotic solution given solely by the first-order terms on the right-hand side, multiplied by the inverse of the coefficient matrix on the left-hand side. The formal solution of this set of equations is
where the rank-two tensor coefficients can in general be decomposed in terms of the projection operators Ξ µν , b µ b ν , as well as the tensor b µν [10] ,
while the rank-4 tensor coefficient involves the projection operator ∆ µναβ and products of ∆ µν , Ξ µν , b µ b ν , as well as b µν , for more details, see Ref. [10] ,
The scalar transport coefficients ζ r⊥ , ζ r , ζ r× , κ r⊥ , κ r , κ r× , η r0 , η r1 , η r2 , η r3 , η r4 are identified by substituting Eqs. 
and hence in the 14-moment approximation (N 0 = 2),
Note that, as long as the collision integral is assumed to be independent of the magnetic field, only a tensor structure of the type ∼ Ξ µν − b µ b ν ≡ ∆ µν survives in the bulk-viscosity tensor (87). In general, however, this does not need to be the case, for instance if the collision integral depends on the magnetic field. An explicit example is given in Ref. [37] where ζ 0⊥ and ζ 0 are calculated for a hot quark-gluon plasma in a magnetic field, taking into account Landau quantization.
The 
and hence, in the 14-moment approximation (N 1 = 1),
One observes that, when B → 0, κ 0× → 0, while κ 0 → κ 0⊥ . Also in this case, the diffusion tensor κ µν 0 ∼ ∆ µν , as expected. Moreover, for any B = 0, κ 0⊥ < κ 0 , i.e., due to the cyclotron motion of the particles, particle (or charge) diffusion transverse to the magnetic field is reduced as compared to the diffusion parallel to the magnetic field.
In the limit of a massless Boltzmann gas, where
P 0 , and for a constant binary cross section σ = const., we obtain for r = 0 the following expressions: α
10 = β 0 /3, and A
(1) 00 = 4/(9λ mfp ), where λ mfp = 1/(n 0 σ) is the mean free path of the particles, and thus the diffusion coefficients assume the values
where ξ B ≡ qBβ 0 λ mfp ≡ λ mfp /R T was defined in the introduction. As expected, the longitudinal diffusion is solely given in terms of the mean free path, since the magnetic field does not affect the dynamics in the b µ direction. On the other hand, there is an interplay between the mean free path and the thermal Larmor radius R T for the transverse diffusion, since the underlying particles not only collide but also undergo cyclotron motion. The magnetic-field dependence of these coefficients is shown in Fig. 1 (a) .
Let us consider the limiting case where the mean free path is much larger than the thermal Larmor radius, i.e., ξ B
1. This can be achieved either for fixed B by decreasing the temperature or density, such that the mean free path increases, or by increasing the magnetic field B, and thus decreasing the Larmor radius, for fixed density, i.e., fixed mean free path. In this limit,
The classical, interaction-independent value for the Hall diffusion coefficient κ 0× is correctly reproduced. Finally, inserting Eq. (86) into Eq. (83) leads to the following set of equations for the shear-viscosity coefficients,
1−r,n η n2 = 0 ,
rn η n2 + qBF
1−r,n η n4 − 4 qBF
1−r,n η n3 = 0 .
In the 14-moment approximation (N 2 = 0) the above set of equations is solved by
r0 corresponds to the usual shear-viscosity coefficient. As expected, when B → 0, only η 00 remains non-zero, such that η µναβ 0 ∼ ∆ µναβ , as expected. Note that, for B = 0, the "standard" shear-viscosity coefficient η 00 is reduced as compared to its value for B = 0. This reduction of viscosity is similar to the mechanism suggested in Ref. [39] , giving rise to the so-called "anomalous viscosity", although that work considered gluon instead of electromagnetic fields.
In the limit of a massless Boltzmann gas and for a constant cross section, we obtain for r = 0 the quantities α , η 02 = 36ξ
(108) The magnetic field dependence of these coefficients is shown in Fig. 1(b) . For a large ratio of mean free path to thermal Larmor radius, ξ B 1,
In this limit, the last two viscosities, η 03 and η 04 , become independent of λ mfp . They appear purely due to the Lorentz force (and are thus named Hall viscosities). The relation η 03 = η 04 /4 holds also in the non-relativistic case [40] . We note that a similar study of the shear-viscosity coefficients in the Navier-Stokes limit was recently performed in Ref. [41] , using the Boltzmann equation in the relaxation-time approximation. Finally, we remark that the effect of a magnetic field on the shear viscosity of a strongly coupled N = 4 supersymmetric Yang-Mills plasma with a large number of colors was studied in Ref. [11] . In this case, it was shown that the ratio between η 00 and the entropy density s does not change with the magnetic field, η 00 /s = 1/(4π), while the ratio (η 00 + η 02 )/s, considered in Ref. [11] , was found to be suppressed in strong magnetic fields. This illustrates how the microscopic assumptions regarding the fluid, i.e., strong versus weak coupling, may alter its response to magnetic fields.
C. Second-order MHD equations of motion
We now derive the equations of motion for non-resistive, second-order dissipative MHD. In this case, all terms in Eqs. 
while all higher-rank tensors ( > 2) are assumed to vanish. The above formulas also hold for negative values of r. 
Similarly, taking r = 0 we obtain a relaxation equation for the particle diffusion current from Eq. (70)
The relaxation equation of the shear-stress tensor follows from Eq. (71) for r = 0,
The coefficients of the terms without explicit dependence on the magnetic field are given in Appendix C of Ref. [22] (note that n µ ↔ V µ and the index n ↔ V ). In deriving these equations of motion only the linear contributions arising from the collision integrals were retained. We remark that, given our assumptions, the omitted nonlinear terms display no dependence on the magnetic field and were already calculated in Ref. [38] .
To the best of our knowledge, Eqs. (112), (113), and (114) provide the first formulation of non-resistive, second-order dissipative MHD equations that can be causal and linearly stable around equilibrium, in contrast to the Navier-Stokes approximation derived in Sec. IV B. As such, this new system of equations is suitable to investigate the effects of magnetic fields on relativistic dissipative fluid dynamics, e.g. in heavy-ion collisions.
The coefficient of the term involving the magnetic field in Eq. (113) is
while the corresponding coefficient in Eq. (114) is
In the limit of a massless Boltzmann gas with constant cross section, α 
Let us finally comment on the first-order Navier-Stokes limit of the second-order equations (112) -(114). Note that the first terms on the right-hand sides, proportional to the standard bulk-and shear-viscosity as well as particlediffusion coefficients, are actually independent of the magnetic field. But these are not the only first-order terms in these equations: without an assumption about the magnitude of the magnetic field, also the last terms in Eqs. (113), (114) are formally of first order in a small quantity (V ν or π κλ , respectively). As demonstrated in the previous Sec. IV B, these terms are to be combined with the first-order terms on the left-hand side and, after inversion of the respective coefficient matrices, then lead to the various new anisotropic transport coefficients discussed above.
On the other hand, when solving the second-order equations (113) and (114), one does not need to replace the standard viscosity and particle-diffusion coefficients with the new anisotropic transport coefficients found in Sec. IV B, because the effect of the magnetic field is already taken into account by the terms ∼ B in these equations.
V. CONCLUSIONS AND OUTLOOK
We have derived, for the first time, the equations of motion for non-resistive, second-order dissipative MHD from the Boltzmann equation. The derivation is based on the moment expansion of the Boltzmann equation coupled to a magnetic field for a single-component gas of particles without dipole moment or spin. The MHD equations of motion were obtained in the 14-moment approximation. This is essentially a generalization of Israel-Stewart fluid dynamics to the case of a non-vanishing magnetic field. Despite our simplifying assumptions, the results exhibit the basic structure of second-order dissipative MHD, in particular how the magnetic field couples to the dynamical evolution of the dissipative quantities. In particular, we note that within our approximations the basic form of the equations remains close to that of Israel-Stewart theory, with additional terms that couple the fluid to the magnetic field. As such, the new set of second-order dissipative MHD equations derived here allows one to investigate the effects of magnetic fields in relativistic dissipative fluids in a causal and linearly stable manner. Moreover, we have shown how the first-order transport coefficients split into several components, recovering the results of Refs. [10, 13] , with the notable difference that there is only one bulk-viscosity coefficient in our approximation. The reason for this is our assumption that the collision integral is independent of the magnetic field.
There are many possible directions for future work: (i) The 14-moment approximation gives only an estimate for the values of the transport coefficients. Improved values can be obtained by resumming higher orders in N in the moment expansion, as demonstrated in Ref. [22] . (ii) Resistive, second-order dissipative MHD is obtained by keeping the electric field E µ in the equations of motion. (iii) An extension to spin degrees of freedom allows to include effects of polarization and magnetization [25] . (iv) A relativistic treatment requires to take into account antiparticles with opposite electric charge. These and further questions will be addressed in future work.
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In flat Minkowski space, all Kronecker deltas can be replaced by the mixed contra-and covariant metric tensor, e.g. δ µ ν ≡ g µ ν .
